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ABSTRACT
Reinforcement learning (RL) agents have been deployed in
complex environments where interactions are costly and learning is slow. One prominent task in these settings is to reuse
interactions performed by other agents to try to accelerate
the learning process. Causal inference provides a family of
methods to inferring the effects of actions from a combination of data and qualitative assumptions about the underlying environment. Despite its success of transferring invariant knowledge across domains in the empirical sciences,
causal inference has not been fully realized in the context
of transfer learning in interactive domains. In this paper,
we use causal inference as a basis to support a principled
and more robust transfer of knowledge in RL settings. In
particular, we tackle the problem of transferring knowledge
across bandit agents in settings where causal effects cannot
be identified by Pearl’s do-calculus and standard learning
techniques. Our new identification strategy combines two
steps – first, deriving bounds over the arm’s distribution
based on structural knowledge; second, incorporating these
bounds in a dynamic allocation procedure so as to guide the
search towards more promising actions. We formally prove
that our strategy dominates previously known algorithms
and can potentially achieve orders of magnitude faster convergence rates. Finally, we perform simulations and empirically demonstrate that our strategy is consistently more
efficient than the current (non-causal) state-of-the-art methods.

CCS Concepts
•Computing methodologies → Causal reasoning and
diagnostics;
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1.

INTRODUCTION

In reinforcement learning (RL), the agent makes a sequence of decisions trying to maximize a particular measure of performance. Typical RL methods train agents in
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isolation, often taking a substantial amount of time and effort to learn a reasonable control policy. Techniques based
on transfer learning (TL) attempt to accelerate the learning
process of a target task by reusing knowledge gathered from
a different, but somewhat related source task. Common approaches try to exploit various types of domain expertise
and transfer knowledge that is invariant across the source
and target domains [18, 12, 16]. For a general survey on
these techniques, see [15, 28].
Causal inference deals with the problem of inferring the
effect of actions (target) from a combination of a causal
model (to be defined) and heterogeneous sources of data
[22, 6]. One of the fundamental challenges in the field is
to determine whether a causal effect can be inferred from
the observational (non-experimental) distribution when important variables in the problem may be unmeasured (also
called unobserved confounders, or UCs). In fact, qualitative knowledge about cause and effect relationships is often
available in complex RL settings. For example, a change of
direction of a self-driving car must be caused by a change
of the steering wheel, not vice-versa; a surge in users’ clicks
(click-through rate) causes an observed revenue growth of
an advertising engine, not the other way around.
In his seminal work, [21] developed a general calculus
known as do-calculus by which probabilistic sentences involving interventions and observations can be transformed
into other such sentences. The do-calculus was shown to be
complete for observational and experimental identification,
i.e., any causal effect can be identified from observational
or experimental data if and only if it can be reduced to a
certain syntactic form in do-calculus [30, 27, 10, 5].
Despite its success in identifying the effect of actions from
heterogeneous data in compelling settings across the sciences
[6], causal inference techniques have rarely been used to assist the transfer of knowledge in interactive domains. [19,
20] assumed a causal model for the underlying task and
performed the transfer of probabilistic knowledge leveraging the invariance encoded in the causal model. Still, they
were oblivious to the existence of UCs and had not considered the transfer of causal knowledge. Connections between
causal models with UCs and RL were first established in
[4]. Nevertheless, these methods mainly dealt with online
learning scenarios and barely touched the problem of TL.
In this paper, we marry transfer in RL with the theory of
causal inference. We study the offline (batch) transfer problem between two multi-armed bandits (MAB) agents given
a causal model of the environment while allowing the existence of UCs. We apply causal inference algorithms to iden-

tify the causal effect of the target agent’s action from trajectories of the source agent. In particular, we study three
canonical learning settings where the causal effect is nonidentifiable using do-calculus and standard learning techniques, and show that learning speed can still be improved
by leveraging prior experiences. Our more detailed contributions are listed below:

2.2

The basic semantical framework of our analysis rests on
structural causal models (SCM), defined as follows:
Definition 1 (SCM [22]). A structural causal model
(SCM) M is a 4-tuple hU, V, F, P (U )i where:
1. U is a set of background variables (also called exogenous or latent), that are determined by factors outside
of the model;

1. We formulate the transfer learning across MAB agents
in causal language and connect it with the algorithm
for identifying causal effects.

2. V is a set {V1 , V2 , . . . , Vn } of observable variables (also
called endogenous) that are determined by variables in
the model (i.e., by the variables in U ∪ V );

2. For three canonical tasks where the causal effect is not
identifiable, we provide an efficient method to extract
knowledge from the available distributions as bounds
over the expected reward (called causal bounds).
3. We propose two novel MAB algorithms (B-kl-UCB and
B-TS) that take the causal bounds as input. We prove
that the regret bound of B-kl-UCB dominates the standard kl-UCB [7]. If the causal bounds impose informative constraints over the arms’ distribution, B-kl-UCB
will be orders of magnitude faster than kl-UCB; otherwise, the behavior of B-kl-UCB deteriorates to klUCB, which we show cannot be improved.
4. We run extensive simulations comparing the proposed
strategies (B-kl-UCB and B-TS) against standard MAB
solvers and show that our algorithms are consistent
and more efficient than state-of-the-art methods.

2.

PRELIMINARIES

In this section, we introduce the basic notations and definitions used throughout the paper. For a variable X, let
D(X) denote its domain and |X| denote the dimension of
its domain. We will consistently use the abbreviation P (x)
for the probabilities P (X = x), x ∈ D(X).

2.1

Multi-Armed Bandits.

The stochastic MAB is a simple yet powerful framework
that formalizes the online learning problem with partial feedback [26]. The MAB is described as follows: There are
finitely many arms indexed by a ∈ {1, . . . , K} with K ≥
2, each associated with an unknown probability distribution νa over [0, 1]. Denote the associated expected reward
µa of νa . At each trial t = 1 . . . , T , the agent picks an
arm At ∈ {1, . . . , K} and receives a reward Yt . Let a∗ =
arg maxa∈{1,...,K} µa and write µ∗ as the expected reward
for the optimal arm a∗ . The number of times
P each arm a is
pulled for T trials is referred as Na (T ) = Tt=1 I{At = a},
where I{·} is an indicator function. The quality of a strategy
is evaluated through the notion of cumulative regret:
RT = E[T µ∗ −

T
X

YT ] = T µ∗ −

t=1

T
X
t=1

E[Yt ] =

K
X

∆a E[Na (T )]

a=1

where ∆a = µ∗ − µa . We use KL(µa , µ∗ ) to denote the
Kullback-Leibler divergence between two Bernoulli distributions with mean µa and µ∗ i.e.,
KL(µa , µ∗ ) = µa log

1 − µa
µa
+ (1 − µa ) log
µ∗
1 − µ∗

Structural Causal Model.

3. F is a set of structural functions {f1 , f2 , . . . , fn } such
that each fi is a mapping from the respective domain of
Ui ∪P Ai to Vi , where Ui ⊆ U and P Ai ⊆ V \Vi and the
entire set F forms a mapping from U to V . In other
words, each structural function fi , vi ← fi (pai , ui ), i =
1, . . . , n, assigns a value to Vi that depends on the values of the select set of variables;
4. P (U ) is a probability distribution over the exogenous
variables.
Each SCM M is associated with a directed acyclic graph
(DAG) G, where solid nodes correspond to endogenous variables V , empty nodes correspond to exogenous variables U ,
and edges represent functional relationships (see Fig. 1 for
an example). Let X, Y , and Z be arbitrary disjoint sets
of nodes in a DAG G. We denote by GX the subgraph obtained by deleting from G all arrows incoming towards X,
and GX the graph obtained by deleting from G all arrows
outgoing from X. We use (Y ⊥
⊥ X|Z)G to represent that
X is d-separated from Y given Z in graph G – there is no
active path between Y and X given Z in graph G [11].
A MAB instance can be naturally encoded as a structural causal model. For example, Fig. 1(a) is the graphical
representation of a SCM M for a MAB model where X is
the arm selection and Y is the reward variable. We introduce the do(·) operator to differentiate the action do(X = x)
from the observation X = x [22, Ch. 3]. In M , the expected reward for pulling an arm x is thus the causal effect
of an action do(X = x), i.e., µx = E[Y |do(X = x)]. In
the structural semantics, actions are modifications of functional relationships. For an arbitrary function π(w), action
do(X = π(w)) on a causal model M produces a new model
MX = hU, V, FX , P (U )i where FX is obtained after replacing fi ∈ F for every Vi ∈ X with the function π. Fig. 1(b)
shows the SCM MX after action do(X = x) is introduced.
With slight abuse of notations, we use do(x) for the actions
do(X = x), x ∈ D(X).

3.

TRANSFER LEARNING VIA CAUSAL INFERENCE

In this section, we connect causal analysis with transfer
learning in RL by discussing two transfer scenarios between
MAB agents. We show that when the SCM is provided, the
identification algorithm of causal effects can be applied to
estimate the effects of an action.
We first consider a transfer scenario between two standard
MAB agents A and A0 (Fig. 1(b)) that are equipped with the
same actuator to perform action X. Both agents are unable
to observe the context U due to the lack of the corresponding sensor. Let  be an independent source of randomness.

Agent A0 performs an action do(X = π()) 1 and receives
reward Y . The experiences collected throughout its interactions with the environment are summarized in the joint
distribution P (x, y). Agent A, who is observing A0 interact
with the environment, wants to be more efficient and reuse
the observed P (x, y) to find the optimal arm faster. This
transfer scenario is summarized as Task I in Fig. 1, where the
actions, outcomes, and causal structures used by A and A0
coincide. Since the optimal action do(X = x∗ ) for agent A
can be found by evaluating x∗ = arg maxx∈D(X) E[Y |do(x)],
this transfer learning problem can be rephrased as identifying the causal effect E[Y |do(x)] from the observational distribution P (x, y).
Indeed, this problem has long been studied under the
rubric of off-policy learning [32, 25, 24, 17]. The answer
in this case is simply to compute the expected conditional
reward given X = x based on P (x, y) and use it as if it
were the expected reward. Formally, the causal effect can
be identified as:
E[Y |do(x)] = E[Y |x]

Task II
X

1. P (y|do(x), z, w) = P (y|do(x), w) If (Y ⊥
⊥ Z|X, W )G

X
XZ

3. P (y|do(x), do(z), w) = P (Y |do(X), W ) If (Y ⊥
⊥ Z|X, W )G

XZ(W )

where Z(W ) is the set of Z-nodes that are not ancestors
of any W -node in GX .

2

A target causal effect is identified by applying a sequence
of do-calculus rules combined with probabilistic manipulations. The derivation process terminates either when the
resulting representation does not contain the do(·) operator
or when all possible operations have been exhausted. In latter case, the causal effect is not identifiable (i.e., provably
not computable from the available datasets). We will show
that Eqn. 1 can be easily obtained through do-calculus. In
the DAG G in Fig. 1(b), we note that X is disconnected
from Y in the subgraph GX (where the outgoing arrows
from X are cut), which by rule 2 of do-calculus implies that
P (y|do(x)) = P (y|x), therefore E[Y |do(x)] = E[Y |x].
Next, we consider a more challenging scenario involving
the transfer from a contextual bandit agent B and a standard MAB agent A. A contextual bandit is a variation of
a MAB where the agent can observe an extra information
associated with the reward signal [14]. Agent B (Fig. 1(a))
has the same actuator as A (Fig. 1(b)), but is equipped with
an advanced sensor that allows it to observe the context
U . Agent B observes context u ∈ D(U ), performs action
do(X = π(, u)), and receives reward Y . The experiences
collected throughout its interactions with the environment
are summarized by the joint distribution P (x, y, u). The
goal of agent A is to find the optimal arm choice based
1
2

This operation in fact represents a stochastic policy.
Z is W ’s ancestor iff there is a directed path from Z to W .

X

Y

(b)

Y

on P (x, y, u). Fig. 1 summarizes this scenario as Task II.
Similarly, this problem can be rephrased as identifying the
causal effect E[Y |do(x)] based on P (x, y, u). By applying
do-calculus, we have:
X
E[Y |do(x)] =
yP (y|do(x))
y∈D(Y )

=

X

X

yP (y|do(x), u)P (u|do(x))

y∈D(Y ) u∈D(U )

To prove the above the above statement in causal semantics, we will use the three basic inference rules known as
do-calculus [22, Section 3.4.2], which are stated next.

2. P (y|do(x), do(z), w) = P (Y |do(X), Z, W ) If (Y ⊥
⊥ Z|X, W )G

(a)

Figure 1: Graphical representation of two identifiable transfer tasks between MABs. (a) the SCM for a contextual
bandit agent. (b) the SCM for a standard MAB agent.

(1)

Theorem 1 (do-calculus). Let G be the directed acyclic
graph associated with a SCM, and let P (·) stand for the probability distributions induced by that structural model. For
any disjoint subsets of variables X, Y, Z and W , the following rules hold:

Task I
U

U

=

X

X

yP (y|x, u)P (u|do(x))

y∈D(Y ) u∈D(U )

=

X

X

yP (y|x, u)P (u)

(2)

y∈D(Y ) u∈D(U )

The last two steps hold by rules 2 and 3, since Y is independent of X given U in the subgraph GX , and U is independent of X in the subgraph GU , respectively. Eq. 2
does not contain any do(·) operator. P (y|x, u) and P (u) can
both be inferred directly from P (x, y, u). The average effect
E[Y |do(x)] is then said to be identifiable from P (x, y, u).
The two transfer scenarios described above show that the
corresponding target effects are identifiable from prior experiences. Indeed, the do-calculus can be applied to any
SCM to determine whether a certain causal effects can be
identified from the observed data. The procedure can be
automated to facilitate the derivation. [31] examines simplified identification criteria and provides an algorithm that
was shown to be complete for identification.

4.

THE CHALLENGES OF NONIDENTIFIABLE TASKS

While do-calculus provides a systematic way of solving
identification queries, it cannot pin down the causal effect
for all tasks. When assumptions conveyed by the causal
model about the relationship between the sensors and actuators of the source and target MAB agents are not informative enough to supply the missing information of the source
distribution, do-calculus fails to reach the transformation
formula even after exhausting all possible derivations. In
these cases, the causal effect is non-identifiable, i.e., it will
not be discernible unambiguously from the given observed
behavior of the source agent. In fact, the source distribution
and the underlying causal model impose the boundary for
the corresponding identification task, which is defined as the
problem of identification of causal effects [22, pp. 77]:
Definition 2 (Identifiability). The causal effect of
X on Y is identifiable from G if the quantity P (y|do(x)) can
be computed uniquely from any positive distribution over the
observed variables – that is, if PM1 (y|do(x)) = PM2 (y|do(x))

for any pair of models M1 and M2 such that PM1 (v) = PM2 (v) >
0 and G(M1 ) = G(M2 ) = G.

To better understand the challenges of non-identifiable
tasks, consider again the transfer scenario between a contextual bandit agent B and a standard MAB agent A. Instead
of receiving the experiences of B in the form of P (x, y, u),
assume that A now can only learn by observing B’s interactions in the environment. Failing to measure the context U
due to lack of a sensor, A can only infer an observational distribution P (x, y). Fig. 2 summarizes this transfer scenario
as Task 1. The natural question in this setting is whether
the causal effect E[Y |do(x)] is identifiable from P (x, y). Unfortunately, the answer in this case is negative. To witness, consider a SCM M with U = (U1 , U2 ), X, Y, U1 , U2 ∈
{0, 1}, X = U1 , Y = X ⊕ U1 ⊕ U2 , P (U1 = 0) = P (U2 = 0) =
0.1, where ⊕ represents the exclusive-or function. Expected
rewards for arm 0 and 1 are respectively µ0 = 0.18, µ1 =
0.82, which implies that the optimal arm is x∗ = 1. Computing P (x, y) from M leads to E[Y |X = 0] = E[Y |X =
1] = 0.9. One can now construct another MAB model
M 0 with U = (U1 , U2 ), X, Y, U1 , U2 ∈ {0, 1}, X = U1 , Y =
U2 , P (U1 = 0) = P (U2 = 0) = 0.1. Both M and M 0 induce the same observational distribution P (x, y), while the
expected rewards in M 0 is µ00 = µ01 = 0.9 – the effect is
then not identifiable (Def. 2). This means that it is not possible to pin down the average rewards based solely on the
available data (P (x, y)).
If one is naive about identifiability and transfers E[Y |x]
as if it were E[Y |do(x)], a negative transfer may occur – i.e.,
the transferred knowledge will have an adverse impact on the
performance of the target agent. Unfortunately, in practice,
researchers never have access to the underlying SCM and
therefore cannot distinguish the two models. To illustrate
this point, we run simulations where 500 samples of E[Y |x]
are naively transferred as if they were E[Y |do(x)] – see Fig.
3. It is not difficult to note by inspection the significant
disparity between the standard Thompson sampling (TS)
solver [29, 8] and the Thompson sampling with naive transfer
procedure described above (TS− ). In words, TS− solver
took a significant hit in performance by trying to leverage
data collected from the other agent.
In practice, there exist various transfer scenarios where
the expected reward cannot be identified. We summarize
in Figure 2 and Table 1 three canonical tasks where nonidentifiability is an issue. C1 , C2 and C3 represent different conditions (to be defined later on) of prior experiences,
which correspond to different (from small to large) bounds
over cumulative regret of the target agent. All three tasks
are sensible problems which have a wide range of applications in practice. For instance, Task 1, as discussed before,
can be seen as the transfer learning problem between a contextual bandit agent and a standard MAB agent with the
context unmeasured. Task 2 and Task 3 can be seen as the
transfer learning problem between two agents with different
actuators, thus having different action spaces [2] (the source
agent has a less accurate actuator than the target agent in
task 2, and a better one in task 3) . The best possible performance of target agents in Task 1, 2 and 3 are, respectively,
regret bounds in case C2 , C1 and C3 . We will show in later
sections that prior experiences could improve target agent’s
performance in Task 1 and 2, but not in Task 3.
The lack of identifiability in these three scenarios has been
acknowledged in the literature, despite being not necessarily

U

U

Task 2

Z

U

Task 1
X

(a)

X

Y

(b)

Y

Task 3

X

(c)

Y

Figure 2: Graphical representation of three canonical transfer tasks where the expected reward is non-identifiable. (a)
the SCM for a contextual bandit agent with context U unmeasured. (b) the SCM for a standard MAB agent. (c) the
SCM for a standard MAB agent with the action node Z.

Task
1
2
3

Source → Target
P (x, y)
P (x, y|do(z))
P (z, y|do(x))

E[Y |do(x)]
E[Y |do(x)]
E[Y |do(z)]

ID
7
7
7

C1
7
3
7

Regret
C2
3
3
7

C3
3
3
3

Table 1: Canonical off-policy learning tasks. ID stands
for point identifiability. C1 , C2 , and C3 correspond to the
log(T )
bounds 0, O(log(log(T ))) and O( KL(µ
∗ ) over the numa ,µ )
ber of draws of sub-optimal arms.

obvious to see by naked eyes. For Task 1, non-identifiability
follows due to the unobserved condounding between X and
Y discussed in [22, Section 3.5]; non-identifiability from the
surrogate variable Z (or, do(z)) in Task 2 is more subtle,
which was shown in [5]; [23] extended this argument and
showed that E[Y |do(z)] cannot be inferred from P (y|do(x))
in Task 3.

5.

PRIOR KNOWLEDGE AS BOUNDS

One might surmise that the grim results presented so far
imply that no prior data could be useful and experiments
should be conducted from scratch, whenever identifiability
does not hold. We will show in this section that this is not
the case and how prior knowledge, even though imperfect,
can help to optimize experimentation. We start by introducing efficient methods to bounding the expected reward
of the target quantities listed in Table 1.
We first consider the 2-armed Bernoulli bandits where
X, Y, Z ∈ {0, 1}. As shown in the previous section, there
exists multiple models that agree on the source distribution,
but differ wildly on the causal effect. Thus, instead of identifying the exact value of the causal effect, we focus on finding
a general set which contains a model compatible with the
same source distribution and causal effect. Constraints for
the causal effect of every model in the general set must also
apply to the target causal effect. [22, Section 8.2] shows a
construction of such set for Task 2 by decomposing U into a
pair of canonical types (Rx , Ry ), where Rx , Ry ∈ {0, 1, 2, 3}
and represent the different types of individuals in the population. We extend this idea to bound E[Y |do(x)] in Task
1. We decompose the latent variable U into a pair of discrete variables (Rx , Ry ), where Rx ∈ {0, 1}, Ry ∈ {0, 1, 2, 3}.
Let qij = P (Rx = i, Ry = j) ≥ 0, and Q = {qij }. For
∀x ∈ D(X), ∀rx ∈ D(Rx ), ∀ry ∈ D(Ry ), X and Y are decided by functions X = fX (rx ) and Y = fY (x, ry ) defined

as follows:

fX (rx ) = rx


0



x
fY (x, ry ) =
1 − x



1

if
if
if
if

ry
ry
ry
ry

=0
=1
=2
=3

(3)

The values of Ry represents the canonical types and can
be given causal interpretation, namely, “doomed,”“helped,”
“hurt,” and “immune” [9] . Let pij = P (X = i, Y = j).
P (x, y) and E[Y |do(x)] can be written as linear combinations
in the space spanned by Q:
p00 = q00 + q01

p01 = q02 + q03

p10 = q10 + q12

p11 = q11 + q13

E[Y |do(X = 0)] = q02 + q03 + q12 + q13
E[Y |do(X = 1)] = q01 + q03 + q11 + q13

(4)

(5)
(6)

We can then lower (upper) bound E[Y |do(x)] by minimizing
(maximizing) Eqs. 5 and 6 subject to constraints 4 and
qij ≥ 0, which leads to a closed-form solution shown next.
Theorem 2. Consider Task 1 with X, Y ∈ {0, 1}, given
P (x, y), E[Y |do(x)] can be bounded by:
E[Y |do(X = 0)] ∈ [p01 , p01 + p10 + p11 ]
E[Y |do(X = 1)] ∈ [p11 , p11 + p00 + p01 ]
Proof. Based on constraints 4, we have:
q00 = p00 − q01 q02 = p01 − q03
q10 = p10 − q12 q11 = p11 − q13

(7)

Since qi,j ≥ 0, q01 , q03 , q12 , q13 are independent variables taking values in:
q01 ∈ [0, p00 ]

q03 ∈ [0, p01 ]

q12 ∈ [0, p10 ]

q13 ∈ [0, p11 ]

(a)

(b)

Figure 3: Simulation results of negative transfer example
in Sec. 4 comparing the standard Thompson sampling
(TS) and Thompson sampling with naive transfer procedure
(TS− ).

qijk . The lower (upper) bound can then be obtained by minimizing (maximizing) E[Y |do(z)] subject to the constraints
imposed by P (z, y|do(x)) and qijk ≥ 0, which leads to a
closed-form solution shown in the theorem below.
Theorem 3. Consider Task 3 with X, Y, Z ∈ {0, 1}, given
P (z, y|do(x)), E[Y |do(z)] can be bounded by:
E[Y |do(Z = 0)] ∈ [l, h], E[Y |do(Z = 1)] ∈ [l, h], where:


0




p001 + p110 + p011 − p000 − p010 − p000
l = max


 p010 − p001

p011 + p110 − p000 − p101


p
+ p100 + 2p011 + 2p110 − p000 − p101



 001
p010 + p100 + p110 + p011
h = min

 p100 + 2p110 + 2p001 + 2p011 − p000 − p010 − p101 

p001 + p011 + p100 + p010

Even though embedded in a more constrained structure,
the bounds of Thm. 3 are weaker than Thm. 2 since both
arms coincide. [23] showed that identification of do(Z) is
Replace q00 , q02 , q10 , q11 in Equation 5 and 6 with Equations
infeasible from experiments over X in task 3, and Thm. 3
7, we have:
provides a stronger condition saying that not even an informative bound can be derived in such settings.
E[Y |do(X = 0)] = p01 + q12 + q13 ∈ [p01 , p01 + p10 + p11 ]
The construction given above can be extended to any disE[Y |do(X = 1)] = p11 + q01 + q03 ∈ [p11 , p11 + p00 + p01 ]
crete setting where X, Y, Z have larger dimensions. For
Task 1 and 2, U should be decomposed and discretized
into a pair (Rx , Ry ), where |Rx | = |X|, |Ry | = |Y ||X| in
task 1, and |Rx | = |X||Z| , |Ry | = |Y ||X| in task 2. For
From a causal perspective, this simple bound is unexpected
task 3, U is decomposed into a tuple (Rz , Rx , Ry ), where
since it was not believed that a model without any independencies or exclusion restrictions could impose any informa|Rz | = |Z|, |Rx | = |X||Z| , |Ry | = |Y ||X| . The necessary
tive constraint over the experimental distribution.
distributions can be written as linear combinations in the
Considering the task 3, we decompose and discretize U
corresponding Q-space. The bounds can then be derived
into a tuple (Rz , Rx , Ry ), where Rz ∈ {0, 1}, Rx , Ry ∈ {0, 1, 2, 3}. by solving a series of linear optimization problems using a
Let qijk = P (Rz = i, Rx = j, Ry = k) ≥ 0. Y is destandard LP solver.
cided by the function fY (x, ry ) defined in Eq. 3. For ∀z ∈
D(Z), ∀rx ∈ D(Rx ), ∀rz ∈ D(Rz ), X, Z are decided by func6. MULTI-ARMED BANDITS WITH
tions X = fX (z, rx ) and Z = fZ (rz ) defined as follows:
CAUSAL BOUNDS

0
if rx = 0


We
discuss in this section how the causal bounds can be


z
if rx = 1
used to more efficiently identify an optimal treatment arm.
fX (z, rx ) =
fZ (rz ) = rz
We consider an augmented stochastic MAB problem with a

1 − z if rx = 2



prior represented as a list of bounds over expected rewards.
1
if rx = 3
Formally, for any arm a, let [la , ha ] be the bound for µa such
Let pijk = P (Z = i, Y = j|do(X = k)). Again, we can
that µa ∈ [la , ha ]. Without loss of generality, we assume
write P (z, y|do(x)) and E[Y |do(z)] as linear combinations of
0 < la < ha < 1 and denote by lmax the maximum of all

Algorithm 1: The kl-UCB algorithm with bounds over
expected reward (B-kl-UCB)
1: Input: A non-decreasing function f : N → R
2: a list of bounds for expected rewards
{[l1 , h1 ], . . . , [lK , hK ]}
3: Initialization: Remove any arm a with ha < lmax .
4: Let K 0 denote the number of remaining arms.
5: Pull each arm of {1, . . . , K 0 } once
6: for all t = K 0 to T − 1 do
7:
Compute for each arm a the quantity:

Ûa (t) = min Ua (t), ha

Algorithm 2: Thompson Sampling for Bernoulli bandit
with bounds over expected reward (B-TS)
1: Input: A non-decreasing function f : N → R
2: A list of bounds for expected rewards
{[l1 , h1 ], . . . , [lK , hK ]}
3: Initialization: Remove any arm a with ha < lmax .
4: Let K 0 denote the number of remaining arms.
5: Sa = 0, Fa = 0, ∀a ∈ {1, . . . , K 0 }
6: for all t = 0 to T − 1 do
7:
for all a = 1 to K 0 do
8:
repeat
9:
Draw θa ∼ Beta(Sa + 1, Fa + 1)
10:
until θa ∈ [la , ha ]
11:
end for
12:
Draw arm At = arg maxa∈{1,...,K 0 } θa and observe
reward y.
if y = 1 then Si = Si + 1
else Fi = Fi + 1
13: end for

where

f (t)
Ua (t) = sup µ ∈ [0, 1] : KL(µ̂a (t), µ) ≤
Na (t)
8:
Pick an arm At = arg maxa∈{1,...,K 0 } Ûa (t).
9: end for

lower bounds, i.e., lmax = maxi=1,...,K li . Let h∗ = ha∗ and
l∗ = la∗ .
UCB constitutes an elegant family of algorithms that has
been used in a number of settings given its attractive guarantees – its regret grows only logarithmically with the number of actions taken [3, 7]. We augment UCB to take into
account the causal bounds, which we call B-kl-UCB (Algorithm 1). B-kl-UCB exploits the causal bound in two ways:
1. filter any arm a during initialization if ha < lmax ; 2.
truncate the UCB Ua (t) with Ûa (t) = min{Ua (t), ha } and
picks an arm with the largest Ûa (t). To understand the implications of these modifications, we derive in the sequel the
corresponding regret bound.
Theorem 4. Consider a K-MAB problem with rewards
bounded in [0, 1]. For each arm a ∈ {1, . . . , K} and expected reward µa bounded by [la , ha ], where 0 < la < ha < 1.
Choosing the parameters f (t) = log(t) + 3 log(log(t)), in Bkl-UCB algorithm, the number of draws any sub-optimal arm
a is upper bounded for any horizon T ≥ 3 as:
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0
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By [7, Fact A.1], we have:
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Proof. For all n > 1, let µ̂a (t) be the empirical estimation of µa , and τa,n denote the round at which a was pulled
for the n-th time,P
For reward samples from νa , {Ya,0 , . . . , Ya,n },
define µ̂a,n = n1 n
s=1 Ya,s . We of course have the writing
µ̂a (t) = µ̂a,Na (t) . We now bound the term by cases:

Lemma 1. Consider a K-armed bandit problem and f (t)
defined
PT −1 in Theorem ∗4. In B-kl-UCB algorithm, the term
∗
t=K 0 P{Ûa (t) < µ } is bounded by:
P(Ûa∗ (t) < µ∗ ) ≤ 3 + 4e log(log(T ))

• Case 1. ha < µ∗ . Since Ûa (t) ≤ ha , we must have
µ∗ ≤ Ua (t) ≤ ha which contradicts the fact ha < µ∗ .
P −1
∗
This means that Tt=K
0 P(µ ≤ Ûa (t), Xt = a) = 0.

• Case 2. ha ≥ µ∗ . Since Ûa∗ (t) = min Ua∗ (t), h∗ ,
this means µ∗ must be upper bounded by both Ua∗ (t)
and h∗ . Thus, we have:
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Proof. Since Ûa∗ (t) = min Ua∗ (t), h∗ , the means µ∗
is larger than either Ua∗ (t) or h∗ . Thus, we have:
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Lemma 2. Consider the K-armed bandit problem and f (t)
defined
PT −1 in ∗Theorem 4. In B-kl-UCB algorithm, the term
t=K 0 P(µ ≤ Ûa (t), Xt = a) is bounded by:
(
0
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log(T )
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To prove Thm.4, we first introduce two lemmas:
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P(Ûa∗ (t) < µ∗ ) ≤

t=K 0

T
−1
X
t=K 0

=

T
−1
X
t=K 0

P(Ua∗ (t) < µ∗ ) +

T
−1
X

P(h∗ < µ∗ )

=

P(∃µ ∈ [µ∗ , 1] : KL(µ̂a (t), µ) ≤

t=K 0

=

t=K 0

P(Ua∗ (t) < µ∗ ) By definition h∗ ≥ µ∗

T
−1
X

TX
−K 0

f (t)
, Xt = a)
Na (t)

τa,n+1

X

P(∃µ ∈ [µ∗ , 1] : KL(µ̂a,n , µ) ≤

f (t)
, Xt = a)
n

P(∃µ ∈ [µ∗ , 1] : KL(µ̂a,n , µ) ≤

f (T )
, Xt = a)
n

n=1 t=τa,n +1

≤

TX
−K 0

τa,n+1

X

n=1 t=τa,n +1

=

TX
−K 0

P(∃µ ∈ [µ∗ , 1] : KL(µ̂a,n , µ) ≤

n=1
TX
−K 0

≤ n0 +

Thm.4 demonstrates the potential improvements due to the
causal bounds. If the causal bounds impose strong constraints over the arm’s distribution, B-kl-UCB provides asymptotic improvements over kl-UCB, and essentially dominates
kl-UCB. On the other hand, when such constraints are too
weak (ha ≥ µ∗ ), the bound of B-kl-UCB degenerates to the
standard kl-UCB bound. This latter bound is not improvable in a sense that there exists a parametrization such that
for any admissible strategy (not grossly under-performing),
P
log(T )
the regret is bounded below by a:µa <µ∗ KL(µ
∗ .
a ,µ )
∗
Let ha < lmax , lmax ≤ ha < µ and ha ≥ µ∗ be denoted
by cases C1 , C2 , and C3 . Thm. 4 indicates that for C1 and
C2 , the number of draws in B-kl-UCB for any sub-optimal
arm is bounded by (respectively) 0 and O(log(log(T )), which
is not achievable by kl-UCB. For C3 , B-kl-UCB and kl-UCB
log(T )
obtains the same bound with O( KL(µ
∗ ). We next prove
a ,µ )
that the bound for C3 cannot be improved.
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where n0 = d KL(µ
∗ e. This implies
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(∀n ≥ n0 + 1) KL(µa , µ∗ ) >

f (T )
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Since KL(·, µ∗ ) is continuous decreasing function on
[0, µ∗ ], there must ∃µ f (T ) ∈ (µa , µ∗ ], such that:
n

KL(µ f (T ) , µ∗ ) ≥
n

f (T )
n

We next show that:
{∃µ ∈ [µ∗ , 1] : KL(µ̂a,n , µ) ≤

f (T )
} ⇒ {µ̂a,n ≥ µ f (T ) }
n
n

This can be proved by contradiction. Suppose µ̂a,n <
µ f (T ) , we then have:

Theorem 5. (Lower Bound for ha ≥ µ∗ ) Consider a
strategy that satisfies E[Ti (n)] = o(nα ) for any Bernoulli
distribution, any arm i with ∆i > 0, and any α > 0. Then,
for any arm i with ∆i > 0 and ha > µ∗ , the following holds

n

(∀µ ∈ [µ∗ , 1]) KL(µ̂a,n , µ) ≥ KL(µ̂a,n , µ∗ )
> KL(µ f (T ) , µ∗ ) =
n

which contradicts {∃µ ∈ [µ∗ , 1] : KL(µ̂a,n , µ) ≤
Thus, ∀λ > 0, we have:
P(∃µ ∈ [µ∗ , 1] : KL(µ̂a,n , µ) ≤
−λµ f (T )

≤ P(µ̂a,n ≥ µ f (T ) ) ≤ e

n

n

lim inf

n→+∞

f (T )
n

Proof. Without loss of generality, let i = 1 with µ1 > µ∗
and µ2 = µ∗ . Since KL(µ1 , ·) is a continuous function, for
any  > 0, there exists µ01 ∈ (µ∗ , h1 ] such that:

f (T )
}.
n

KL(µ1 , µ01 ) ≤ (1 + )KL(µ1 , µ∗ )
We now have two bandit parameter vectors (µ1 , µ∗ , . . . , µk )
and (µ01 , µ∗ , . . . , µk ). Let 0 < α < , and Cn denote the
event:
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,
kl
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By [7, Fact A.2], we have:
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The rest follows the proof of [13, Theorem 2]. Q.E.D.
We now proceed to complete the proof of Thm.4.
Proof (Proof of Theorem 4). Without loss of generality, let K 0 ≥ 2. The proof for the case ha < lmax is trivial,
since arms satisfying this condition are removed in the initialization and never played. We next focus on the other
two cases. By definition of the algorithm, at rounds t ≥ K 0 ,
one has Xt+1 = a only if Ua (t) ≥ Ua∗ (t). Therefore, we can
follow the same decomposition in [7]:
{Xt = a} ⊆ {Ûa∗ (t) < µ∗ } ∪ {µ∗ ≤ Ûa∗ (t), Xt = a}
⊆ {Ûa∗ (t) < µ∗ } ∪ {µ∗ ≤ Ûa (t), Xt = a}

(8)

Then, the expected number of trial for arm a after T rounds,
E[Na (T )], can be rewritten as:
E[Na (T )] = 1 +
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P(µ∗ ≤ Ûa (t)), Xt = a)

t=K 0

t=K 0

|
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Term (1)

}

|

{z

Term (2)

Term 1 and 2 are bounded by Lemma 1 and 2 respectively.
Put everything together, we prove the statement.

}

Remark (revisiting the three canonical tasks) These
results imply that the constraints imposed by the bounds
over the expected rewards (C1 , C2 , C3 ) translate into different regret bounds for the MAB agent. Interestingly, a simple
analysis reveals that the canonical tasks can be associated
with these different cases, which is summarized in Table 1.
We can see that there exist no parametrization for task 1 satisfying C1 since p0,1 ≤ p1,1 +p0,0 +p0,1 , p1,1 ≤ p0,1 +p1,0 +p1,1
(by Thm. 2). Still, there exists some instances falling into
C2 , C3 . Considering the bounds implied by task 2 [22, pp.
250], we can see that there exist a number of instances compatible with C1 and C2 (e.g., pick large values for p000 and
p111 ), which means that there is great potential for improvement in this task. For task 3, Thm. 3 indicates that the
bounds must be the same for both arms, which rules out C1
and C2 , and makes the task to fall into C3 . Since this case
is not improvable by Thm. 5, this is less interesting among
the canonical problems.
There exists a class of algorithms based on Thompson
sampling (TS) [29, 8] that presents strong empirical performance, but its theoretical analysis was not completely

(a) Task 1 with parametrizations in C2

(b) Task 2 with parametrizations in C1

(c) Task 3 with parametrizations in C3

Figure 4: Simulations results of the canonical tasks (Table 1) comparing solvers that are causal enhanced (B-kl-UCB, B-TS),
standard (kl-UCB, TS), and naive (kl-UCB− , TS− ). Graphs are rendered in high resolution and can be zoomed in.

understood until recently [1]. Given that kl-UCB and Bkl-UCB are asymptotically equivalent for parametrizations
in C3 , we augment a basic TS solver to consider the causal
bounds, which we call B-TS (Algorithm 2). We employ a
“rejection sampling” approach to enforce the causal bound
[la , ha ] on the estimated expected reward Θa . Simulation
results will be discussed next and compare the performance
of B-TS and B-kl-UCB. We note that the regret analysis of
B-TS is a challenging and still open problem.

7.

EXPERIMENTAL RESULTS

In this section, we conduct experiments to validate our
findings. In particular, we compare B-kl-UCB and B-TS
against standard MAB algorithms (kl-UCB and TS) that
have no access to the causal bounds. We also include their
counterparts that incorporate the data from the source agent
using the naive transfer procedure described in Sec. 4 (without distinguishing the observational and experimental distributions), which we call kl-UCB− and TS− . We presents
simulation results for 2-armed Bernoulli bandits.
The simulations are partitioned into rounds of T = 5000
trials averaged over N = 200 repetitions. For each task, we
collect 5000 samples generated by a source agent and compute the empirical source distribution. The causal bounds
are estimated from the empirical distribution with the methods described in Sec. 5. We assess each algorithm’s performance in terms of their cumulative regrets (CR).
Task 1. The expected rewards of the given parametrization
are µ1 = 0.66, µ2 = 0.36, and the estimated causal bounds
are b1 = [0.03, 0.76], b2 = [0.21, 0.51]. Since h2 < µ∗ = µ1 ,
this parametrization satisfies condition C2 . The results are
shown in Fig. 4a and reveal a significant difference in the
regret experienced by B-kl-UCB (CR = 0.47) and B-TS (CR
= 1.14) compared to kl-UCB (CR = 17.97) and TS (CR =
8.14). kl-UCB− (CR = 1499.70) and TS− (1499.99) perform
worst among all strategies due to the negative transfer.
Task 2. The expected rewards of the given parametrization
are µ1 = 0.58, µ2 = 0.74 and the estimated causal bounds
are b1 = [0.48, 0.61], b2 = [0.7, 0.83]. Since h1 < lmax = l2 ,
this parametrization falls into C1 ’s bucket. Fig. 4b reveals
a significant difference in the regret experienced by B-klUCB (CR = 0.00) and B-TS (CR = 0.00) compared to klUCB (CR = 25.94) and TS (CR = 10.70). kl-UCB− (CR
= 799.84) and TS− (CR = 800.00) perform worst among all
strategies due to the negative transfer of samples.
Task 3. The expected rewards are µ1 = 0.2, µ2 = 0.4 and

the estimated causal bounds are b1 = b2 = [0, 0.61]. Since
h1 ≥ µ∗ = µ2 , this parametrization satisfies C3 . Simulation
results shown in Fig. 4c reveal minor differences in the regret
experienced by B-kl-UCB (CR = 23.70) and B-TS (CR =
10.05) compared to their counterparts kl-UCB (CR = 22.51)
and TS (CR = 10.40). Again, kl-UCB− (CR = 999.8) and
TS− (CR = 1000.00) perform worst among all strategies due
to the negative transfer of samples.
These results corroborate with the theoretical results in
the previous section and show that prior experiences can be
transferred to improve the performance of the target agent,
even when identifiability does not hold. Specifically, B-klUCB dominates kl-UCB in C1 , C2 while obtaining a similar performance in C3 . Interestingly, B-TS exhibits similar
behavior as B-kl-UCB in C1 , C2 , and superior performance
(with TS) in C3 . This suggests that B-TS is an attractive practical alternative when causal bounds are available,
despite its lack of theoretical guarantees. Clearly, a naive
treatment of previously collected samples causes a negative
transfer and deterioration of the algorithm’s performance.

8.

CONCLUSION

We considered in this paper the transfer learning problem between two MAB agents when the causal model of the
environment is provided. We show that the identification
algorithm of causal inference can be applied to estimate the
expected reward of the target agent. When the expected
reward is not identifiable, partial information can still be
extracted as causal bounds to improve the performance of
the solver. Our technique provides the basis for principled
transfer learning when the standard assumptions underlying
off-policy learning are violated.
There are interesting research questions opened by this
paper. First, simulation results suggest that, in practice,
B-TS (the sampling-based algorithm with causal bounds) is
preferred over UCB-type algorithms. The theoretical analysis for B-TS is still not fully understood. We conjecture
that the regret bound of B-TS will be asymptotically the
same as B-kl-UCB. Second, causal models can be applied
to more general RL settings (e.g., MDPs, POMDPs) such
that causal effects across distinct domains can be leveraged.
When target effects are not identifiable, it is possible to learn
partial information about the target task from source data,
and partial information could be used to speed-up learning.
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